8.3 Singula r Values

Example 1 Show that if L(%) = Ax is a linear
transfo rmation from R? to R?, then there are
two orghogonal unit vectors w¥; and ¥, in R?
such that L(wq) and L(wy) are orthogonal as
well.

Solution This statement Is clear for some classes
of transfo rmation, for example,

1. If L is an orthogonal transfo rmation, then
any two orghogonal unit vectors w1 and w¥»
will do, by Fact 5.3.2.

2. If A is symmetric, then we can choose two
orthogonal unit eigenvecto rs, by the spec-
tral theo rem.



However, for an arbitra ry linear transfo rmation
L, the statement isn't that obvious.

Hint: Consider an orthono rmal eigenbasis w1,
vo of the symmetric matrix ATA, with asso-
ciated eigenvalues 41, 2. L(w»1) = Aw; and
L (»2) = Awo are orthogonal, as claimed:

(Avy) (Awp) = (Av1)TAv, = ¥]ATAW,

= w]( o¥) = (¥ W) = 0

Note that w1, ¥» need not be eigenvecto rs of
matrix A.



Example 2 Consider «the linear transfo rmation
6 2

x) = Ax, where A = 7 6

1. Find an orthono rmal basis ¥{, ¥ of R? such
that L(w»1) and L(w») are orthogonal.

2. Show that the image of the unit circle un-
der transfo rmation L is an ellipse. Find the
lengths of the two semiaxes of this ellipse,
in terms of the eigenvalues of matrix ATA.

Solution

1. Using the ideas of Example 1

6 7 6 2 _ 85 30

TA —
AA_26 7 6 30 40

The characteristic polyno rmial of ATA is

2 125 + 2500 = (  100)( 25) ;



so the corresp onding eigenspaces are

E = ker 15 30 _ span 2
100 = 30 60 _ P 1
_ 60 30 B 1
Eos = ker 30 15 — Span
For orthono rmal basis
1 2 1 1
Y1 = B—g 1 Y2 = 19—5 2

. The wunit circle consists of the form x = cos(t)vy +

sin(t)w,, and the image of the unit circle consists of
the form

L(x) = cos(t)L(w1) + sin(t)L(¥2)
The image is the ellipse whose semimajo r and semi-
nor axes are jjL(w1)jj and jjL(¥2)jj:
iL(v)ii? = (Avi)(Av1) = v]ATAv; = v[( 1v1) = 1
Lik ewise,
iL(v2)ji® = 2
Thus

. S
L)) = 1= 100 = 10

. . P —
JIL(»2)]] = 2= 23

I
ol



We can also compute L(w1) and L(w2) directly:

— _ 6 2 1 2 B 1 10
L(Vl) = Awq = 7 6 p_g 1 — p_g 20
— — 6 2 1 1 _ 1 10
L(VZ) = Awvy = 7 6 p_g 5 — p_g .
So that
jiL(v1)ji = 10;jiL(w2)ji = 5
/{\}_ AR scale
i L(v,)
l'.'ll'].i; | """‘.51.;",{
" the unit
cirele: L(¥))
an ellipse



De nition 8.3.1 Singula r values

The singular values of an m n matrix A are
the square roots of the eigenvalues of the sym-
metric n n matrix ATA, listed with their alge-
braic multiplicities. It is customa ry to denote
the singular values by 1; 2;:::; n, and to list
them in decreasing order:

1 2 e n

Fact 8.3.2 The Iimage of the unit circle
Let L(*) = Ax be an invertible linear transfo r-
mation from R? to R2. The image of the unit
circle under L is an ellipse E. The lengths of
the semimajo r and the seminor axes of E are
the singular values 41, and o of A, respec-
tively .



Fact 8.3.3
Let L(%) = Ax be a linear transfo rmation from
R" to R™M. Then there is an orghono rmal basis

v1:%2;...¥n of RM such that
1. vectors L(wq);L(¥);:::;L(¥n) are orthogo-
nal, and

2. the lengths of these vecto rs are the singular
values 1; o;:::; n of matrix A.

T o construct w1;¥o;:.::;¥n, nd an orthono rmal
eigenbasis for matrix ATA. Mak e sure that the
corresp onding eigenvalues 1; 2;:::; n appear
In descending order:

1 5 1l n



Pro of

L L(%) L(v) = (Aw) (A¥) = (Aw)TAw
= ViTATAVj = VIT( jVj) = j(Vi Vj) = 0
when | 6 |, and

2. JiL(%)ii“ = (Av) (Aw) = ¥ATAy,
=¥ (%)= (% w)= i= £ 0
so that jjL(¥)]j] = ;.



Example 3 Consider the linear transfo rmation
" #
0 11

L(%) = Ax A= 1 1 0

a. Find the singular values of A.

b. Find orthono rmal vectors wq;¥o;¥3, in RS
such that L(wq1);L(»2);L(¥3) are orthogonal.

c. Sketch and describ e the image of the unit
sphere under the transfo rmation L.

Solution

a.
20 13,,
ATA= 91 18 gié
10

The eigenvalues are 1 = 3; » = 1;, 3 = 0.
The singular values of A are

P— p_ P — P —
1= 1= 3; 2= 2= 1; 3= 3= 0



b. Find an orthono rmal eigenbasis ¥1;¥y;¥3,

for ATA:
2 3 2 3 2 3
1 1 1
Ez= span4 2 9;E; = span4 0 9;Eg= span4 19
1 1 1
2 3 2 3 2 3
1,1 1, L 1, 1
V1 = 19—_4 2 5;’9‘2: B—_4 0 5;V3: 19—_4 19
6 1 2 1 3 1

Compute L(wq);L(¥2);L(»3) and check orthog-
onalit y:

Av—ls'Av—l 1'Av—0
1—19_63,2—9_51 y M\V3 — 0

c. The unit sphere in R3 consists of all vecto rs
of the form x = cyv; + Cpvp + C3vg, where cf+
s+ c5= 1

The image of the unit sphere consists of the
vecto rs

L(x) = ciL(¥1) + col(¥2)

where ¢+ ¢35 1: The image is the full ellipse
shaded in Figure 3.



Y3 L(x) = AX

=1
(¥}

o)

aj

AUI

Unit sphere
in R3

Figure 3




Example 3 shows that some of the singular
values of a matrix may be zero. Supp ose the

singular values 1; »2;:::; s are nonzero, while
s+l s+2 ,..:: n are zero. Cho ose eigenbasis

M1l Vs V¥eep oo 0 ¥n Of ATA for R". Note that

JJA¥i]) = ; = 0 and therefo re Aw = 0 for | =
s+ 1;:::;n

We claim that the vectors Awq;:::;Avs form a

basis of the image of A, since any vector in the
image of A can be written as

Ax = A(cqiw1+ i+ Cs¥s+ ...+ Cn¥n)
= C1Awvw1 + ..+ CsAws

This shows that s= dim(imA ) = rank(A).

Fact 8.34
If A is an m n matrix of rank r, then the
singular values 1; »;:::; r are nonzero, while

(+1 ..., n are zero.



Singula r Value Decomp osition
Fact 8.3.3 can be expressed in terms of a ma-
trix decomp osition.

Consider a linear transfo rmation L(%) = Ax
from R" to R™M, and choose an orthono rmal
basis w¥1;%2;.:.;¥n as in Fact 83.3. Let r =
rank(A). We know that the vecto rs
Axq1;Avo; ..., Av are orthogonal and nonzero,
with jjAv)) = ;. We intro duce the unit vecto rs

th = iAvl;:::;ur = iAvr

1 r

W e can write

Avi = aj fori= 1;2;:::;r

and

Avi= 0Ofori=r+ 1;r+ 2;:::;n



W e can express these equations in matrix form
as follo ws:

_ 3
4 J | | | 5
4 4 4 A2
A J1 Jr rjl-l Jn
| {z }
V
2 | 3
| | | |
= 4 1t rtty O 0 o
J oo J
5 32 3
] ] ] ] 0
=4y i ow O 0 5§ é
i r
j i j 0 0
j i j . 0
oAb o Ma DDt O g ' é
B J J J J r
Z 0 0
| { } | z )
U
The vector space ker(AT) has dimesion m
r. Let fe,4q ;40 ;:::;8mg be an orthono rmal
basis for ker(AT). Then t{;tip;::::tm form an

orthono rmal basis for R™M,



Note that V is an orthogonal n n matrix, U

IS an orthogonal m m matrix, and IS an
m n matrix whose rst r diagonal entries are
1, 2,7, r, and all other entries are zero.

Fact 8.3.5 Singula r-value decomp osition

Any m n matrix A can be written as
A=U VT

where U is an orthogonal m m matrix; V Is
an orthogonal n n matrix; and ISan m n
matrix whose rst r diagonal entries are the
nonzero sigular values q; 2;:::; r of A, and
all other entries are zero (where r = rank(A)).

Alternatively , this singula r value decomp osition
can be written as

A = 1u1vI+:::+ rurvrT;

where t; and w; are the columns of U and V,
resp ectively .



Pro of

B v '



Consider a singular value decomp osition A =
U VT, where

2 3 2 3

J J J
Vzgvl :::vn%anduzgul L umfz)
J J J J

We know that

Awi = ity for 1= 1;2;:::;r
and

Av; = 0 for Ii=r1+ 1;:::;n

These equations tell us that

and

That is, SVD provides us with orthono rmal
bases for the kernel and image of A.



Lik ewise, we have AT = (U vI)T = v Tyt
or ATU=vVv T,

Reading the last equation column by column,
we nd that

ATwi= v for i= 1;2;:::;r
and
ATw;= 0 for i=r+ 1;:::;m
As before
im(AT) = span(¥q;:::;%r)
and
ker(AT) = span(t 41 ;:::;tm)

See Figure 5



V1 th
im(AT) : : im (A)
Row(A) Yr by = Col(A)
Vr+1 By +1
ker(A) : : ker(AT)
¥n tm

10



2
Example 5 Find an SVD for A = 9

Solution
P~ p_ #
_ =2 1= 2
V = :pi 1:p§ ,
2 _ _ _
226 1:p2 :ppS
U= 9§ = 6 20 13
= 6 1= 2 1= 3
and 2 p 2
30
=90 18
O O

Check A= U VT,

Compa re with Example 3 where A =

P RO
Or R

— O

I
o



Example 1 Consider an m n matrix A of
rank r, and a singula r value decomp osition A =
U VT. Explain how you can express the least-
squares solutions of a system Ax = Das a linear
combinations of the columns wq;:::;%n of V.

Solution Let x = clvlJFr) ..+ Cnvn i|§ a least
squares solution if Ax = " L, GAw = [_; ¢ it =
Projima ®.
We know that projinaD = i _1 (b )t since
tt1;:::;tr IS an orthono rmal basis of Im(A).
Compa ring the coecient of tj, we nd that
Ci i = D o or ¢ = b—"_”, for i1 = 1;:::;r, while
no condition is imp oseld oNn Cr+1 ;:::;Cn. There-
fore, the least squares solutions are of the form

X b t; X

x = — vt Ci Vi
i=1 ! i=r+1

12



Example 2 Consider an SVD A = U VT of
an m n matrix A. Show that the columns
of U form an orthono rmal eigenbasis for AA T.
What are the associated eigenvalues? What
does your answer tell you about the relation-
ship between the eigenvalues of ATA and AAT.

Solution

AATU= (U VIYU VvhTu=u vTv TuTu

= U T
( 2yi for i= 1::::: r
ol 0 for i=r+ 1:::::n

The columns of U form an orthono rmal eigen-
basis for AAT. The associated eigenvalues are
the squares of the singular values.

13



