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Abstract. In this work, we studytheproblemof closedsequentialpatternmin-
ing.Weproposeanovel approachwhichextendsafrequentsequencewith closed
itemsetsinsteadof singleitems.Themotivationis thatclosedsequentialpatterns
arecomposedof only closeditemsets.Hence,unnecessaryitemextensionswhich
generatesnon-closedsequentialpatternscanbeavoided.Experimentalevaluation
showsthattheproposedapproachis two ordersof magnitudefasterthanprevious
workswith amodestmemorycost.

1 Intr oduction

Sequentialpatternmining is a fundamentaldatamining task that hasbroadapplica-
tions,includinguserbehavior analysis,network intrusiondetectionandtandemrepeats
in DNA sequences.Ever sinceAgrawal et al. [6, 7] introducedtheconceptof sequen-
tial patternmining in 1995,this problemhasreceived a greatdealof attention[2,12,
1,5]. Mining sequentialpatternis morecomplex thanfrequentitemsets,sincetheper-
mutationsof itemsneedsto be considered.Thus,insteadof mining the completeset
of frequentsequentialpatterns,we have strongermotive to mineclosedsequentialpat-
terns,i.e. thosecontainingno super-sequencewith the samesupport.Mining closed
sequentialpatternsnotonly reducethenumberof sequencespresentedto usersbut also
increasetheminingef�ciency by pruningtheenumerationspace.

Although mining closedsubsequencessharesa similar problemsettingwith min-
ing closeditemsets[3,4], the techniquesdevelopedin closeditemsetmining cannot
work for frequentsubsequencemining directly becausesubsequencetestingrequires
orderedmatchingwhich is moredif�cult thansimplesubsettesting.To thebestof our
knowledge,thereareonly two algorithmsin closedsequentialpatternmining,including
CloSpan[10] andBIDE [9]. CloSpantakestheapproachwhich generatesa candidate
set for closedsequentialpatternsandconductspost-pruningon it. The idea is that if
a new discoveredsequences0 is a sub-sequenceor super-sequenceof an existing se-
quences andtheprojecteddatabaseof s ands0 is equal(closurechecking),thenwecan
stopsearchingany descendantof s0 in the pre�x searchtree(thuspruningthe search
space)sincefor all 
 thesupportof sequences0� 
 is equalto thatof s� 
 . Whatmakes
theconceptworksis thattheequivalenceof theprojecteddatabasescanbeimplemented
by comparingthesizeof thedatabases.Furthermore,thesizeof theprojecteddatabases



canbeusedasthehashkey to improve subsequence/supersequencecheckingmoreef-
�ciently . However, the candidatemaintenance-and-testparadigmsuffers the inherent
drawbackin scalability.

Therefore,Wanget al. proposean alternative solutionwithout candidatemainte-
nance.It adoptsasequenceclosure-checkingschemecalledBIDE. Fromde�nition, we
know that if a sequenceS = < s1; s2; : : : ; sn > is not a closedsequence,theremust
exist at leastan event e0 which canbe usedto extendsequenceS to a new sequence
S0 with the samesupport.The sequenceS can be extendedfrom the right most di-
rection(after sn ), the left mostdirection(befores1) or in the middle of the sequence
(betweensi andsi +1 ). If nosucheventexists,thenS mustbeaclosedsequence.Thus,
theproposedBIDE schemeis to scanfor commonitemsfrom thesequencedatabase,
which might exist betweensi andsi +1 . As for searchspacepruning,they proposethe
BackScanpruningmethodto stopgrowing unnecessarypatternsif thecurrentpre�x can
notbeclosed.Again, they have de�ned thesubsequenceswherethecommonitemsare
searchedfor this BackScanclosurechecking.AlthoughBIDE do not keeptrackof any
historicalclosedsequentialpatterns(or candidate)for anew pattern'sclosurechecking,
it is acomputationalconsumingapproachsinceit needsmultipledatabasescansfor the
bi-directionclosurecheckingandthebackscanpruning.

Both algorithmsadoptthe framework of Pre�xSpan[5] which grows patternsby
itemsetextensionand sequenceextension,i.e. the last transactionof the currentse-
quenceis extendedwith a frequentitem in the sametransaction(item extensionor
I-step,denotedby � i ) or different transaction(sequenceextensionor S-step,denoted
by � s). However this pattern-growth strategy hastwo drawbacks:duplicateitem exten-
sions(To �nd the closedsequence< f A; B g; f A; B g; f A; B g> , we needthreeitem
extensions.)andexpensive matchingcost.In this paper, we have comeup with a novel
approachwhichconductsonly sequenceextensionsby addingfrequentcloseditemsets
to overcomethesedrawbacks.Frequentcloseditemsets,asproved in thenext section,
are in fact the basiccomponentsof frequentclosedsequences.They canbe usedto
remove duplicateitem enumerationaswell asto reducethematchingcostfor �nding
locally frequentitemsfor I-extension.

The rest of this paperis organizedas follows. We de�ne the problemof closed
sequentialpatternmining in Section2. Section3 presentsour algorithm.Experiments
arereportedin Section4. Finally, conclusionsaremadein Section5.

2 ProblemDe�nition

Givena databaseSD of customertransactions,whereeachtransactionconsistsof the
following �elds: customer-id, transaction-time,andtheitemspurchasedin thetransac-
tion. No customerhasmorethanonetransactionwith the sametransaction-time.Let
I = f i 1; i 2; : : : ; i N g denotethesetof items.A customersequencecanberepresented
by an orderedlists of itemsets,i.e., S=<t 1; : : : ; tn > , whereeachitemsett j is a non-
emptysubsetof I , denotingtheitemsboughtin onetransaction.Thenumberof itemsets
in asequenceis calledthelengthof thesequenceandasequencewith lengthl is called
an l-sequence.A sequence� =<a 1; : : : ; am > is a sub-sequenceof anothersequence
� =<b1; : : : ; bn > , if andonly if eachaj (1 � j � m) canbemappedby bi j (aj � bi j )



andpreserve its order(1 � i 1 < i 2 < : : : < i m � n). Wesay� is super-sequenceof �
and� contains� .

A sequencedatabaseSD = f S1; : : : ; SjSD j g is a setof sequences.Eachsequence
is associatedwith a sid. jSD j representsthenumberof sequencesin thedatabaseSD.
The absolutesupport of a sequence� in a sequencedatabaseSD is the numberof
sequencesin SD whichcontain� .

Giventwo sequences� and� . If � is a super-sequenceof � andtheir supportsare
thesame,we say� absorbs� . A sequentialpattern� is a closedsequentialpattern
if thereexists no propersequence� that absorb� . The problemof closedsequential
patternmining is formulatedasfollows: givena minimumsupportlevel minsup , our
task is to mine all closedsequentialpatternsin the sequencedatabasewith support
greaterthanminsup , i.e. thefr equentsequentialpatterns.

Table1. An examplesequencedatabaseSDB

.
SID Sequence
1 (C)(A; B ; C)(B ; C)(A; B ; C)
2 (B ; C)(A; B ; C)(C)
3 (B ; C)(A)(D ; F )(A; B ; C)(C)
4 (C)(A)(D ; E )(A; B ; C)

To make connectionbetweencloseditemsetswith closedsequentialpatterns,we
de�ne transactionsupportandsequencesupportof anitemsetasfollows.Thetransac-
tion supportof anitemset� is de�nedasthenumberof transactionsthatcontain� while
thesequencesupportof � is thenumberof sequencesthatcontainthe1-sequence� . As
usual,an itemset� is closedif thereexist no supersetof � with the sametransaction
support.However, an itemset� is frequentin a sequencedatabaseSD if thesequence
supportof � is greaterthanminsup . Thus,� is afrequentcloseditemsetif thesequence
supportis greaterthanminsup andthereexistsno supersetwith thesametransaction
support.

Example1. Givenminsup = 3, all subsetsof f A; B ; Cg arefrequentin theexample
sequencedatabasein Table 1 sinceeachitemsethassequencesupport4. However,
only f Ag, f Cg, f B ; Cg, andf A; B ; Cg arefrequentcloseditemsets.Itemsetf B g is
not a closeditemsetsinceit hasthe sametransactionsupport8 as itemsetf B ; Cg.
Similarly, itemsetsf A; B g andf A; Cg areabsorbedby f A; B ; Cg sincethey have the
sametransactionsupport5.

3 The COBRA Algorithm

In this section,we presentan importantobservation andprove that a frequentclosed
sequentialpatternis composedof only frequentcloseditemsets.Thus,we devisea bi-
phasereductionapproachwhich minesfrequentcloseditemsets�rst and enumerate



frequentclosedsequentialpatternsby conductingsequenceextensions.Before intro-
ducingthepruningstrategy, we �rst de�ne someterms.

De�nition 1. Given a sequenceS = <s 1; : : : ; sn > , the First Matched Transaction
(FMT) of a 1-sequence<p 1> is de�nedasthetransactionalID of the�r st instanceof
theitemsetp1. Recursively, wecande�netheFMTofa (m+1) -sequence<p 1 : : : pm pm +1 >
fromtheFMT of them-sequence<p 1 : : : pm > as (the transactionID of) the �r st ap-
pearanceof itemsetpm +1 which occursafter theFMT of them-sequence<p 1 : : : pm > .
Givena sequencedatabaseSD (each transactionin SD hasa uniqueID), the First
MatchedtransactionList (FML) of a pre�x sequence� =<p 1 : : : pn > is de�nedasthe
list of �r stmatchedtransactionsof thesequencesin SD w.r.t. � . Similarly, theSID List
of � is a list of sequenceIDs that support� .

Givenanitemsetp, let c(p) denotethecloseditemsetwhich containsp andhasthe
sametransactionsupportasp. If p is closed,thenc(p) = p. By de�nition, c(p) andp
have the sametransactionsupportandthe FML arethe same(denotedasp:FM L =
c(p):F M L).

Lemma 1. Given three sequentialpatterns� , � and 
 , if � :F M L = � :F M L then
� � s 
 :F M L = � � s 
 :F M L and� � s 
 :SI DList = � � s 
 :SI DList (De�nition 1).

Theorem1. A closedsequentialpatternis composedof onlycloseditemsets.

Proof. Assume� = p1 � s : : : � s pn is a closedsequentialpattern,but someof thepi s
arenon-closeditemsets.Considera sequentialpattern� = c(p1) � s p2 � s : : : � s pn ,
� :SI DList = � :SI DList sincep1:F M L = c(p1):F M L (Lemma1). Recursively,
wecan�nd asequentialpattern� = c(p1) � s : : : � s c(pn ) suchthat� :F M L = � :F M L.
Therefore,� is not a closedsequentialpattern.We thus have a contradictionto the
original assumptionthat � is a closedsequentialpatternand thus concludethat “all
closedsequentialpatterns� arecomposedof only closeditemsets.”

Theorem1 is animportantpropertyasit providesadifferentview of miningclosed
sequentialpatterns.Insteadof extendingapre�x by I-stepsandS-stepsalternatively, we
canmineclosedfrequentitemsetsbeforeminingclosedsequentialpatternsandextends
apre�x sequenceby only S-steps.Therefore,wehavecomeupwith athreephasealgo-
rithm. In the�rst phase,we�nd all frequentcloseditemsetsanddenoteeachof themby
auniqueC.F.I. code. To avoid theneedto matchclosedfrequentitemsetsin asequence
in the enumerationphase,the original databaseis transformedinto anotherdatabase
wheretheitemsin eachsequencearereplacedby C.F.I. codes thatarecontainedin the
transactions.Finally, theclosedsequentialpatternsareenumeratedin thethird phase.

To illustrate,theexampledatabaseSDB (Table1) canbetransformedinto Figure2
given the C.F.I. codes shown in Figure 1. This transformationretainsthe horizontal
formatof theoriginal database.Notethat thetransactionsarerenumberedto eliminate
emptytransactionsdueto the removal of non-frequentitems(e.g.D , E , F ). Figure1
alsoshowsthelocationlistsof eachclosedfrequentitemset,whichrepresentthevertical
formatof theoriginaldatabase.

We refer this asa bi-phasereductionapproachsincewe mineC.F.I. for �rst phase
reductionthenmine closedsequencesfor secondphasereduction.This approachnot



CodeC.F.I. FML LocationList(SID,TID)
#1 ABC 2, 6, 10,14(1,2),(1,4),(2,6),(3,10),(4,14)
#2 BC 2, 5, 8, 14 (1,2),(1,3),(1,4),(2,5),(2,6),(3,8),(3,10),(4,14)
#3 A 2, 6, 9, 13 (1,2),(1,4),(2,6),(3,9),(3,10),(4,13),(4,14)
#4 C 1, 5, 8, 12 (1,1),(1,2),(1,3),(1,4),(2,5),(2,6),(2,7),(3,8),(3,10),(3,11),(4,12),(4,14)

Fig.1. Vertical-basedLocationListandFML

TID 1 2 3 4 5 6 7 8 9 10 11 12 13 14
SID 1 1 1 1 2 2 2 3 3 3 3 4 4 4
Code #4 #1 #2 #1 #2 #1 #4 #2 #3 #1 #4 #4 #3 #1

#2 #4 #2 #4 #2 #4 #2 #2
#3 #3 #3 #3 #3
#4 #4 #4 #4 #4

Fig.2. HorizontalEncodedDatabaseE D B

only reducesthesearchspacesandduplicatecombinationsbut alsoavoidsthematching
costsin item extensionprocess.A similar framework hasalsobeenadoptedin [8] for
inter-transactionassociationmining. However, applying sucha framework in closed
patternmining is muchmoreeconomicthanregularpatternminingsincethenumberof
frequentitemsetsarelargerthanthatof frequentcloseditemsets.In thenext section,we
will discusshow to furtherprunethesearchspaceby LayerPruning andExtPruning.

3.1 Pruning Strategies

Althoughthenumberof closeditemsetscanbelargerthanthenumberof items,which
seemsto harmthe mining process,lots of themcanbe ignoredwithout consideration
by layerpruning.As a contrastto previousworkswhich only prunea branchof a non-
closedpattern,layerpruningremovesseveralnon-closedbranchesat onceandreduces
the costsin patternchecking.Beforeintroducingthe pruningstrategy, we �rst de�ne
theorderof two �rst matchlists.

De�nition 2. (TheOrderof FML) GiventwoFMLs
S1:F M L = f a1; a2; : : : ; am g andS2:F M L = f b1; b2; : : : ; bn g (m � n), wesaythat
S1:F M L < L S2:F M L if and only if there exists i 1; i 2; :::; i n such that ai j :SI D =
bj :SI D and ai j < bj for all j (1 � j � n). The equal signshold (S:F M L = L

S0:F M L) whenm = n andaj = bj for all j , (1 � j � m).

Example2. ConsidertheexampledatabaseSDB again,Figure1showsthe�rst matched
transactionlist (FML) for the frequentcloseditemsetswhich are also 1-sequences.
The FML for C.F.I. codes #1, #2, #3, #4 aref 2,6,10,14g, f 2,5,8,14g, f 2,6,9,13g and
f 1,5,8,12g, respectively. TheordersbetweentheseFMLs are#1 :F M L > L #4 :F M L
and#3 :F M L > L #4 :F M L.

LayerPruning: For two C.F.I. p1 andp2 thatcanbeasequenceextensionof apre�x
sequence� =<s 1; : : : ; sn > in form of S1 = � � s p1 andS2 = � � s p2, theLayerPruning
worksasfollows:



1. If S1:F M L < L S2:F M L, thenremove p2. Viceversa.
2. If S1:F M L = L S2:F M L, thenif (a) p1 � p2, thenremove p1; (b) p2 � p1, then

remove p2; (c) neitherp1 � p2 norp1 � p2, thenremove bothp1 andp2.

For instancein our runningexample,we cancompletelyskip pre�x #1 and#3
from root since#1 :F M L > L #4 :F M L and #3 :F M L > L #4 :F M L. Thus, the
LayerPruningtechniqueremovesnon-closedpatternsin thesamelayersincetheprun-
ing is invokedwithin a local searchof a pre�x pattern.Thecorrectnessof thepruning
techniquecanbeprovenby thefollowing lemmaandtheorems.

Theorem2. Let two C.F.I. p1 and p2 that can be a sequenceextensionof a pre�x
sequence� =<s 1; : : : ; sn > in formof S1 = � � s p1 andS2 = � � s p2. If S1:F M L < L

S2:F M L, thenall extensionsof S2 mustnotbeclosed.

Proof. By de�nition (De�nition 1), theFML of � is smallerthanthatof its extensions,
therefore,� :F M L < L S1:F M L. SinceS1:F M L < L S2:F M L, wherever p2 occurs,
p1 will also occur in the interval between� :F M L and S2:F M L. Thus, the super-
sequenceS0 = � � s p1 � s p2 of S2 hasthe sameFML as S2, and S0:SI DList =
S2:SI DLis (Lemma1). Therefore,S2 is notaclosedsequentialpattern.

Theorem3. Let two C.F.I. p1 and p2 that can be a sequenceextensionof a pre�x
sequence� =<s 1; : : : ; sn > in formof S1 = � � sp1 andS2 = � � sp2, andS1:F M L = L

S2:F M L. (a) If p1 � p2, thenall extensionsof S1 mustnot be closed.(b) If neither
p1 � p2 nor p1 � p2, thenall extensionsof p1 andp2 mustnotbeclosed.

Proof. (a) First, S1 is a subsequenceof S2 sincep1 is a subsetof p2. Second,S1 and
S2 have thesamesupportsinceS1:F M L = L S2:F M L. Therefore,S1 is not a closed
sequentialpattern.

(b) Considerthesequentialpattern� = � � s p1 � i p2=<s 1; : : : ; sn ; p1 [ p2> . Since
S1:F M L = L S2:F M L and� :F M L = L S1:F M L \ S2:F M L, wehave� :F M L = L

S1:F M L = L S2:F M L. Therefore,for any extensionS1 and S2 of � , thereexists
� , suchthat � is a supersequenceof S1 andS2, and� :SI DList = S1:SI DList =
S2:SI DList . Therefore,S1 andS2 arenot theclosedsequentialpattern.

AlthoughLayerPruningcanprunenon-closedsequencesduringsequenceextension
stepof apre�x sequence,therearestill somenon-closedsequentialpatternsthatcanbe
generatedin differentlayer. Therefore,we needa checkingstepto remove non-closed
sequentialpatterns,we referto thispruningasExtPruning.

ExtPruning: For two sequentialpatterns� and� , theruleof ExtPruningstatesthat

1. If � :F M L = L � :F M L and� is a supersequenceof � , thenremove � andvice
versa.

2. If Sup(� ) = Sup(� ) and� is a supersequenceof � , then� is not closedpattern,
viceversa.

The �rst rule of ExtPruningholdsaccordingto Theorem3, while thesecondrule fol-
lows thede�nition of closedsequentialpatterns.



3.2 COBRA: Designand Implementation

In this section,we discusstheimplementationof theCOBRA algorithm.COBRA can
be outlinedasthreemajor phases:(I) Mining ClosedFrequentItemset;(II) Database
Encoding;and(III) Mining ClosedSequentialPattern.Figure3 shows thepseudocode
of theCOBRAalgorithm.Line 1 callsamodi�ed CHARM [11] to minefrequentclosed
itemsets.Line 2-3associateseachC.F.I. with auniquecodeandconstructstheencoded
databaseEDB using the codes of the C.F.I. Line 4-21 minesthe setof all frequent
closedsequentialpatterns.Detailsaredescribedbelow.

Therearealreadymany closedfrequentitemsetminingalgorithms.Wepreferusing
a vertical-basedmining algorithmin the �rst phase(e.g.,CHARM[11]) sincethever-
tical format recordsthe locations(TIDList) of C.F.I.s which canbe usedto construct
the transformeddatabasein the secondphase.Recall that frequentcloseditemsetsin
a sequencedatabaseare de�ned by both sequencesupportsand transactionsupport,
therefore,transactionids arereplacedby a 2-tuple(SID, TID) locationto facilitatethe
countingof sequencesupportsandtransactionsupports.

ProcedureCOBRA(sequencedatabaseSD , minsup )
1. Call mCHARM() to �nd the setof all C.F.I.;
2. AssociateeachC.F.I. with an code, and let CS denotesthe setof codes.
3. Construct the encodedDB E D B usingCS;
4. CS = LayerPruning(CS);
5. for eachcodei in CS do
6. cobraDFS(codei ; code:FM L );

SubprocedurecobraDFS(� , F M L )
7. ComputeExtendedList E L of F M L ;
8. if ( jE L j < minsup ) then
9. ExtPruning( � ); return;
10.end
11. if ( jE L j < jF M L j ) then
12. if (ExtPruning( � ,F M L )) then return;
13.LC = Local FrequentCodesin � :PD B ;
14.LC = LayerPruning(LC );
15. if ( jE L j = jF M L j ) then
16. F E I = All LC i swith jLC i :F M L j = jF M L j;
17. if ( F E I == � ) then
18. if (ExtPruning( � ,F M L )) then return;
19.end
20. for eachLC i in LC do
21. cobraDFS(� � s LC i , LC i :F M L );

Fig.3. COBRAAlgorithm



In thesecondphase,we associateeachC.F.I. with a uniquecodeandconstructthe
encodeddatabasein horizontalformatbasedon thelocationlistsof theC.F.I. Notethat
C.F.I.s aresortedby their length in a decreasingordersuchthat super-sequencesare
generatedearlierto reduceupdatecostin thethird phase.Oncetheencodeddatabaseis
constructed,wecanreleasethememoryspaceof LocationList for all C.F.I.s.Further-
more,wecanremovetransactionswithoutany frequentitemsto reducethesizeof stor-
age.Then,the�rst matchtransactionlist for eachC.F.I. (alsothefrequent1-sequences)
is constructedfor theusein thethird phase.

Themining processfollows theideaof Pre�xSpanto look for locally frequent(ex-
tendable)codes in theprojecteddatabaseof a pre�x sequence.Startingwith anempty
sequence,the extendablecodes arethe frequentC.F.I.s. However, beforethe enumer-
ation,we �rst apply theLayerPr uning strategy to remove unnecessaryenumeration
in the samelayer (line 4). To reducethe costof comparingany two FMLs (a total of
O(jC:F:I :j2) comparisons),we devisea hashstructurewhich usesEquation(1) asits
hashfunction(pNo is chosento bea primenumber. H Size is thesizeof thehashta-
ble.).Equation(1) hasmoreuniformly distributedkeys thansimplejSI DList j cando.
Only C.F.I.s thatarehashedto thesamebucketarecomparedto eachother. Extendable
C.F.I. thatarenotableto produceclosedsequentialpatternsarethenremovedbasedon
Theorem2 and 3. In the pseudocode,the procedureLayerPr uning , which imple-
mentsthe above idea,takesf #1, #2, #3, #4g asan input andreturnsf #2 ; #4 g since
#4 :F M L < L #1 :F M L and#4 :F M L < L #3 :F M L.

h(SI DList ) = (jSI DList j +
X

Sid 2 SI D List

Sid � pNo)modHSize (1)

In theprocedurecobraDFS,with anew pattern� anditsFML � :F M L = f t1; : : : ; tn g,
we�rst computetheextendedpositionlist (EL) by lookingat thenext transactionof t i ,
which hasthesamesequenceid with t i . For example,theEL of code#2 in Figure1
is f 3; 6; 9g (transaction15 is discardedfor it doesnothaveasequenceid astransaction
14). Thenumberof transactionsin theEL representsthe largestsupportanextended
sequenceof � canhave. Thus,if jEL j is lessthanminsup , thenwe canskip all ex-
tensionsof thepre�x � (line 8-10);otherwisewe do theextensionof � (lines11-21).
In the latercase,we computetheprojecteddatabaseof � (line 13) and�nd all locally
frequentcodes (denotedby LC ). Again, beforeextension,LayerPr uning is applied
to remove unnecessarycodes (line 14).Formally, we de�ne theextendedlist (EL) and
projecteddatabase(PDB ) of apatternasfollows.

De�nition 3. Givena sequence� and its F M L = f t1; : : : ; tn g, the ExtendedList
(EL) of � is de�ned asa list of extendedpositiont0

i where t0
i = t i + 1 andt0

i :SI D =
t i :SI D .

De�nition 4. Giventheextendedlist of a sequentialpattern� , with extendedlist � :EL
= f t1; : : : ; tn g, theProjectedDatabase(PDB)of � isde�nedas� :PDB = f t0

1; : : : ; t0
m g

where t0
i :SI D = t j :SI D for somet j and t j < t0

i � t jSD j , where jSD j denotesthe
numberof transactionsin theextendeddatabases.

For example,the projecteddatabasefor � = #2 (with #2 :EL = f 3; 6; 9g) in
Figure2 is #2 :PDB = f 3; 4; 6; 7; 9; 10; 11g.



De�nition 5. Givenasequence� =<s 1; : : : ; sn > , theForwardExtendedItemset(FEI)
of � is de�nedasthesetof extendedcodes of � which havethesameSIDListas� , i.e.
� :SI DList = � � s p0

i :SI DList .

We output the new pre�x sequence� only whenit hasthe chanceto be a closed
sequentialpattern.This includesthefollowing threecases:(1) jEL j < minsup (line 8)
(2) jEL j < jF M Lj (line 11-12)(3) jF EL j = � (line 17-18).In the�rst case,nosuper-
sequenceof � canbegeneratedasfrequentpatterns.In thesecondcase,thesupportsof
all super-sequencesof � arelessthan� . In thethird case,therearenoextendablecodes
with thesamesupportas� . This is equivalentto checkfor commoncodes thatcanbe
extendedfrom the right direction(oneof the two directionsin BIDE). However, non
closedsequentialpatternsstill canbegenerated.Therefore,we shouldmake a closure
checkingto verify if � is a closedsequentialpatternor not. This is implementedby
ExtP r uning whichmaintainsthesetof generatedsequences.

SimilartoLayerPr uning , ExtP r uning alsousesEquation1asthehashfunction.
Thehashtablefor ExtP r uning is calledCSTab. A sequence� is only comparedto
sequenceswith thesameSIDLists.Thereturnvalueof ExtP r uning indicateswhether
theextensionof pre�x � shouldgo on. If � is a sub-sequenceof anexisting pattern�
in thehashtableand� :F M L = � :F M L, thenwe simply discard� andreturnTr ue
to stoptheextensionof pre�x � (line 12,18).

Theorem4. TheCOBRAalgorithmgeneratesall closedsequentialpatterns.

Proof. Firstof all, theanti-monotoneproperty“if apatternis not frequent,all its super-
patternsmustbe infrequent” is sustainedfor closedsequentialpatterns.Accordingto
Theorem1, thesearchspacecomposedby only closedfrequentitemsetcoversall closed
sequentialpatterns.COBRA's searchis basedon a completeset enumerationspace.
The only branchesthat are prunedas thosethat do not have suf�cient support.The
LayerPr uing only removes unnecessaryenumerations(Theorem2 and 3). On the
otherhand,ExtP r uning remove only non-closedsequentialpatterns.Therefore,the
COBRAalgorithmgeneratesall frequentandonly closedsequentialpatterns.

Theproposedalgorithm,COBRA,is basicallyamemory-basedalgorithmsincethe
numberof closeditemsetscanbe larger than the numberof items.If the datais too
large to �t in the memoryspace,the partition-and-validationstrategy canbe usedto
handlesucha case.Two alternative partitionstrategiesareproposedhere:pre�x-based
partitionandhorizontal-basedpartition(see[?] for details).

4 Experimental Result

In thissection,wereporttheperformancestudyof theproposedalgorithmsonsynthetic
dataset.All theexperimentsareperformedona3.2GHzPentiumPCwith 3 Gigabytes
main memory, runningMicrosoft Windows XP. All the programsarewritten in Mi-
crosoft/Visual C++ 6.0. In the following experiments,the sizeof hashtable is set to
100.



Scalability Test Thesyntheticsequencedatais generatedon thebasisof thedescrip-
tion in [6]. We startby looking at theperformanceof COBRA with default parameter
minsup = 0:5%. Figure4(a)shows thescalabilityof thealgorithmswith varyingdata
size.COBRA is two ordersof magnitudefasterthanBIDE for 50K sequences.The
scalingof COBRA with databasesizewaslinear. BecauseBIDE needsmorescanning
time asthedatasizeincreases,BIDE hasexponentialscalabilityin termsof datasize.
However, COBRA consumesmorememoryspacethanBIDE asshown in Figure4(b).
The main reasonis that COBRA maintainthe encodeddatabasewhich is composed
by C.F.I.s insteadof simpleitems.For example,COBRA costsapproximately6.6MB
for the encodeddatabasemaintenanceat jD j = 50K andF M L costsapproximately
10MB.

The runtimeof COBRA andBIDE on the default datasetwith varying minimum
supportthreshold,minsup , from 0.2% to 0.6% is shown in Figure4(c). COBRA is
faster(90 times)andmorescalablethanBIDE sincethenumberof sequenceschecked
in thebackwardextensionof BIDE growsrapidlyastheminsup decreases,while CO-
BRA only comparethe maintainedpatternswith the newly found pattern.Again, the
memoryrequirementfor COBRA increasesasminsup decreasessincethenumberof
C.F.I.sincreasesasminsup decreases(seeFigure4(d)).In short,theperformancestudy
shows thattheCOBRA algorithmis ef�cient andscalablefor closedsequentialpattern
miningwith acceptablememorycost.

To betterunderstandthealgorithm,Figure4(e)(f)(g)(h)demonstratesthetime and
spaceexpensein eachphase.Roughlyspeaking,thetime costsfor thethreephasesare
40%,10%,and50%,respectively. As shown in theFigure4(e)(g),PhaseI (thememory-
basedCHARM) consumesthemosttime andspacesinceit maintainsthe (SID, TID)
pairsfor eachclosedfrequentitemsets.Thespacerequirementfor eachphasedoesnot
varymuchsinceeachof themincludesboththehorizontalencodeddatabaseEDB and
the vertical databaseF M L. The spacerequirementfor maintainingclosedsequential
patternsCSTab (by ExtP r uning ) in phaseIII is also shown in Figure 4(f)(h) for
reference.

Partition-Based COBRA Figure5 demonstratesthememoryreductionby partition-
basedCOBRA.Pre�x-basedpartition(COBRA-PP)haslessmemoryrequirementthan
horizontal-basedpartition (COBRA-HP5 partitions).SinceCOBRA-PPdividesmore
partitionsthanCOBRA-HP5,COBRA-PPneedsmoretime in patternvalidationthan
COBRA-HP5.However, experimentalresult shows that both partition-and-validation
strategiesarenot only moreef�cient thanBIDE but alsoreducethe memoryrequire-
mentsof the COBRA. Thus,while we aretradingmorespacefor speedin time, the
basicprincipleis worth trying sincethememorycostcanbewell reducedby partition-
basedapproaches.

5 Conclusion

In this paper, we proposea bi-phasereductionapproachalgorithmfor closedsequen-
tial patternmining. Different from previous studies,we �rst conductitem extension
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andthendo sequenceextension,which overcomessomedrawbacksin typical pattern-
growth method.The mining processis divided into 3-phases:(I) Mining ClosedFre-
quentItemset;(II) DatabaseEncodingand(III) Mining ClosedSequentialPattern.The
proposedalgorithmusesbothvertical(F M L) andhorizontal(EDB ) databaseformats
to reducethesearchingtime in theminingprocess.Basically, theproposedalgorithmis
amemory-basedalgorithm,andits ef�ciency comesfrom theremoval of databasescans
andcompressedstrategy of bi-phasereductionapproach.AlthoughCOBRA consumes
morememoryspacethanBIDE, thegain in timecostshows theadvantageof COBRA.
Besides,memoryspacecostcanbe further reducedby partition-and-validationstrate-
giesor post(disk-based)ExtP r uning .
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