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Optimization Problem

» Definition  mimimize f(x)
subjectto x e 2

* Objective function: f: R» 5R
« Decision variables: x=[x1, X2, ..., Xn]T € Rr
* Feasible set: 22 cRn

e Local minimizer
o If 7&> 0 such that f(x)=>f(x*), Vxe2and ||x - xX*||<e

e Global minimizer
o If f(x)=>f(x*) rx e

f(x)= f(x),vVxeQ



Preliminary

e First-order derivative - Second-order derivative
(Tangent vector) [ of : o |

. o, ox,, o,

.| of of of F()=D'f=| 0O O ]
= o o | Yy o ¥
.x:l 2 ! a"{ia{n a‘{na"{n_

o Gradient and Hessian matrix F(x) Vi =(Df )T
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Example 6.1 Let f(z,,z;) = 5z, + 825 + 2123 — 27 — 2z3. Then,

Df(z) = (Vf(x)T = [ of (:I:) (:1:)} =[5+ 9 — 211,8 + 77 — 4zp],

and

F@) = D = | 2 aﬁazl(:ﬂ)] B

a;la;,(ﬂ:) Eé(m) 1 4]



Feasible Direction
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Definition 6.2

O

A vector d Is a feasible direction at x If

da, such that x+oad e Q Ve [0, ]

d,

Figure 6.2 Two-dimensional illustration of feasible directions; d; is a feasible direction,
d> is not a feasible direction
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Directional Derivative

Directional derivative

— Let f: R" >R be a real-valued function and let d be a feasible
direction at xeQ. The direction derivative of f in the direction d,

denoted of/ed, Is the real-valued function defined by

ﬂ:"m f(X+ad)-— f(X).

ad a—0 04

of d

" do f(x+05d)‘0(:0 = Df (X+ad)d‘a:0.
of

—=Vf(x)'d.

P (X)

Speed
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Example 6.2 Define f : R*> = R by f(x) = z,2»73, and let oot
1
a= [t L L] :
22 A]
The directional derivative of f in the direction d is

1/2 ]
0 + + /2
f(‘.’l:) — vf(m)']"d — [I2I31I1I31$1$2] [ 1{2 _ Ia2I3 T)L3 fﬂ:lmﬂ .

Note that because ||d|| = 1, the above is also the rate of increase of f at x in the
direction d. _




2590
1)

First-Order Necessary Condition
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e Theorem 6.1

o If x* Is a local minimizer of f over £, then for any
feasible direction d at x*, we have a’Vf =0

(Vf(x,),d{)<0

vi(xy) -

f=3 f=2 f=1

Figure 6.3 Illustration of the FONC for the constrained case; 1 does not satisfy the FONC,
x» satisfies the FONC
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First-Order Necessary Condition
(Cont.)

e Corollary 6.1 Interior Case

o If x* Is a local minimizer of f over «, and if x* is an
Interior point of £, we have Vf(x*) ~0

o Note: Necessary but not sufficient



Example 6.3 Consider the problem

minimize :’i:rf - 0.53:3 + 3z, +4.5

subject to z1,T9 > 0.

Questions:
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a. Is the first-order necessary condition (FONC) for a local minimizer satisfied at

r = [1,3]T?
b. Is the FONC for a local minimizer satisfied at = =
¢. Is the FONC for a local minimizer satisfied at x =

d. Is the FONC for a local minimizer satisfied at x =

0,3]7?
11,0172

0,0}72



Second-Order Necessary Condition

 Theorem 6.2
Let x* be a local minimizer of f over 2, and d is a
feasible direction at x*. We have

If d” V£ =0, then d” F(x")d > 0.

mleraﬁonj
e Corollary 6.2 Interior Case

Let x* be an interior point of Q2. If x* is an local
minimizer of £, then

V7 (x )=0,and Hession of f{x)is semidefinite;
ie.Vd eR*,d"F(x)d = 0.
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Example:

Example 6.5 Consider a function of one variable f(z) = z*, f : R =+ R Because
f'(0) = 0, and f"(0) = 0, the point z = 0 satisfies both the FONC and SONC.
However, x = 0 is not a minimizer (see Figure 6.6). |

Example 6.6 Consider a function f : R? — R, where f(x) = z? — z2. The FONC
requires that V f(z) = [2z;, —2x3]7 = 0. Thus, £ = [0,0]7 satisfies the FONC.

The Hessian matrix of f is
F(z) = [g _[le . Qefinite |

A (%)
fo)=x3

Figure 6.7 Graph of f(x) = zi — z3. The point 0 satisfies the FONC but not SONC:; this

Figure 6.6 The point 0 satisfies the FONC and SONC, but is not a minimizer point is not a mimmizer



Second-order Sufficient Condition

e Theorem 6.3 Interior Case.
Suppose that  grx*y=o,

F(x)>0.

Then x* Is a strict local minimizer of f.

i i 11 1)

29999

2999
o9



Proof of SOSC

Taylor’s theorem.

. . E (@) h_2 (2) hm_l (m-1) m
[IRSR - fO)=1@)+y FO@)+, 1 (a)+...+—(m_1)!f (a)+o(h™).

f:R">R f(x)= f(x0)+%Df (xo)(x—xo)Jr%(x—xo)T D2f(xo)(x—x0)+o(Hx—xOH2).

Rayleigh’s Inequality. If an n X n matrix P is real symmetric positive definite, then
Amin(P)”'I”E < z! Pz < Atmu.:w:'[1'-")”‘1:"21'

where Amin(P) denotes the smallest eigenvalue of P, and Amax(P) denotes the
largest eigenvalue of P.
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Example

Example 6.7 Let f(z) = z? + 13. We have V f(z) = 221, 2z3]7 = 0 if and only
if z = [0,0]7. For all z € R?, we have

F(x) = [g g‘ > 0.

The point & = [0,0]7 satisfies the FONC, SONC, and SOSC. It is a strict local
minimizer. Actually z = [0,0]7 is a strict global minimizer. Figure 6.8 shows the
graph of f(x) = 2% + z3.

Figure 6.8 Graph of f(x) = =} + z}



